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Abstract

In this paper, a Catmull±Rom spline-based lane model which describes the perspective e�ect of parallel lines has been

proposed for generic lane boundary. Since Catmull±Rom spline can form arbitrary shapes by di�erent sets of control

points, it can describe a wider range of lane structures compared with other lane models, i.e. straight and parabolic

models. Moreover, the lane detection problem has been formulated here as the problem of determining the set of

control points of lane model. The proposed algorithm ®rst detects the vanishing point (line) by using a Hough-like

technique and then solves the lane detection problem by suggesting a maximum likelihood approach. Also, we have

employed a multi-resolution strategy for rapidly achieving an accurate solution. This coarse-to-®ne matching o�ers us

an acceptable solution at an a�ordable computational cost, and thus speeds up the process of lane detection. As a result,

the proposed method is robust to noise, shadows, and illumination variations in the captured road images, and is also

applicable to both the marked and the unmarked roads. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Autonomous guided vehicles (AGVs) have
found many applications in many industries. Their
utilization had been explored in areas such as
hospitals for transportation of patients, automated
warehouses and other hazardous related areas. In
most applications, these AGVs have to navigate in
unstructured environments. Path ®ndings and
navigational control under this situation are ac-
complished from the images captured by camera
mounted on the vehicles. These images are inter-

preted to extract meaningful information such as
positions, road markings, road boundaries, and
direction of vehicleÕs heading. Among many ex-
traction methods, the lane marking (or road
boundary) detection from the road images had
received great interest. As the captured images are
usually corrupted by noises, lots of boundary-
detection algorithms have been developed to
achieve robustness against these noises.

The main properties that the lane marking (or
boundary) detection techniques should possess
are:
· The quality of lane detection should not be af-

fected by shadows, which can be cast by trees,
buildings, etc.

· It should be capable of processing the painted
and unpainted roads.
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· It should handle curved roads rather than
assuming that the roads are straight.

· It should use the parallel constraint as a guid-
ance to improve the detection of both sides of
lane markings (or boundaries) in the face of
noises in the images.

· It should produce an explicit measurement of
the reliability of the results obtained.
In Section 2, the reviews on the existing lane-

detection techniques are presented, and the ana-
lyses of the shortcomings of each lane-detection
technique are also given. Section 3 introduces a
new lane model based on the Catmull±Rom spline.
The relationship between the control points of
both sides of lane model is also shown. In Section
4, a Hough-like method for the vanishing point
(line) detection is presented. In addition, an algo-
rithm which connectedly uses the new lane model
and the maximum likelihood method is developed
for lane detection. Section 5 shows some repre-
sentative results of applying the proposed lane-
detection algorithm to various types of roads and
environments. This paper concludes in Section 6.

2. Related works

Up to present, various vision-based lane-detec-
tion algorithms have been developed. They usually
utilized di�erent road models (2D or 3D, straight
or curve) and di�erent techniques (Hough, tem-
plate matching, neural networks, etc.).

An approach embodied in the ARCADE sys-
tem (Kluge, 1994) uses robust estimation to de-
termine the road curvature and orientation from
the positions and orientations of the edge points,
without prior grouping of the edge points into the
lane edges. Once the road curvature and orienta-
tion have been determined, ARCADE uses them
to reduce the problem of locating the lane edge
o�sets with respect to the vehicle to the problem of
segmenting a one-dimensional signal. This signal is
constructed by averaging together all images'
pixels with the same o�set relative to the road
center, in order to smooth out variations due to
shadows, texture, etc. The use of robust estimation
allows ARCADE to work in cases where up to
50% of the input edge points are noise, but the

algorithm fails when the fraction of noise edges
rises above that point.

The approach based on morphological ®ltering
has been suggested (Serge and Michel, 1994;
Xuan et al., 1992). This technique used the mor-
phological ``watershed'' transformation to locate
the lane edges in the intensity gradient magnitude
image. Although this technique has the advantage
of not requiring any thresholding for the gradient
magnitudes, it has the disadvantage of not im-
posing any global constraints on the lane edge
shapes.

A curve road model was proposed by Kluge
and Lakshmanan (1995) and Lakshmanan and
Kluge (1995). It was supposed that the lane
boundaries can be presented by a parabolic curve
on a ¯at ground. Although it can approximate
normal road structures, it still cannot describe
some cases, i.e. a T turn. A deformable template
method was proposed by optimizing a likelihood
function based on this model. However, this al-
gorithm cannot guarantee a global optimum and
the accuracy, without requiring huge computa-
tional resources.

An edge-based road detection algorithm was
presented by Broggi (1995a,b), Broggi and Berte
(1995) and Bertozzi and Broggi (1998), it could
work nicely in well-painted roads even under
shadowy condition, but it will fail for the un-
painted roads.

The approach by Grimmer and Lakshmanan
(1996), working in the domain of locating pave-
ment edges in millimeter wave radar imagery,
used a deformable template approach to ®nd the
best ®t of a straight road model with unknown
width and orientation to the radar data. The
likelihood function used to judge how well a given
template shape matched the radar data by com-
bining geometric constraints with a model of the
physics of the radar image formation. The Me-
tropolis algorithm was used to identify the opti-
mal set of template deformation parameters. This
technique has a disadvantage of detecting straight
road only.

An approach by combining the Hough trans-
form and the Line±Snake model was presented by
Jung Kang et al. (1996), it divided an image into a
few sub-regions along the vertical direction. The
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Hough transform was then performed for each
sub-region to obtain an initial position estimation
of the lane boundaries. Afterwards, the Line±
Snake improved the initial approximation to an
accurate con®guration of the lane boundaries.
This approach su�ers from two problems. One is,
in the case of broken lane markings, it may not
extend all the ways to the bottom of the image.
Another is, the contrast of one (or both) of the
lane edges may not be high enough to detect near
the bottom of the image.

In (Kaske et al., 1997, 1995), an approach of
detecting lane boundary, especially for the country
roads, by arti®cial vision was described. It used
statistical criteria, i.e. energy, homogeneity, con-
trast and etc., to distinguish between the roads and
the non-roads. It combined the random searching
with the chi-square ®tting to obtain the best set of
parameters of a deformable template. However,
they used the same road model as (Kluge and
Lakshmanan, 1995; Lakshmanan and Kluge,
1995).

A road recognition method by fuzzy reasoning
was presented in (Li et al., 1998), it integrated
some special knowledge into fuzzy rule base to
recognize road edges based on an approach for
general edge extraction. This method has two
drawbacks: First, a road map has to be saved in
computer memory as knowledge; Second, in order
to build a template of a road edge, its initial
points on the road edge have to be determined
manually.

Here, we present a lane model based on Cat-
mull±Rom spline and a matching measurement
between the model and the real road edges based
on maximum likelihood.

3. Road model

3.1. Catmull±Rom spline

The Catmull±Rom spline, also known as
Overhauster spline, is a local interpolating spline
developed for computer graphics purpose. It was
initially used to design curves and surfaces in
graphics, but recently it has been applied in several
other applications.

Usually, we have a series of point positions and
want to design a curve to smoothly interpolate (or
pass through) them. In this situation, Catmull±
Rom spline can be used to interpolate the points P1

to Pmÿ1 from the sequence of points P0 to Pm. In
addition, the tangent vector at point Pi is parallel
to the line connecting points Piÿl and Pi�l, as
shown in Fig. 1. Catmull±Rom spline was derived
from FergusonÕs parametric cubic curve.

3.1.1. Ferguson's parametric cubic curves
Given the two control points P0 and P1, and the

slope of the tangents P 00 and P 01 at each point, we
can de®ne a parametric cubic curve that passes
through P0 and P1, with the respective slopes P 00
and P 01 by equating the coe�cients of the polyno-
mial function

P�t� � a0 � a1t � a2t2 � a3t3

with the values above. Namely

P �0� � a0;

P �1� � a0 � a1 � a2 � a3;

P 0�0� � a1;

P 0�1� � a1 � 2a2 � 3a3:

Fig. 1. A Catmull±Rom spline. The points are interpolated by the spline, which passes through each point in a direction parallel to the

line between the adjacent points. The straight line segments indicate these directions.
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Solving these equations simultaneously for
a0; a1; a2; a3, and substituting these into the
original polynomial equation and simplifying to
isolate the terms with P0; P1; P 00; P 01, we have

P �t� � 1 t t2 t3
� � 1 0 0 0

0 0 1 0

ÿ3 3 ÿ 2 ÿ 1

2 ÿ 2 1 1

266664
377775

�

P�0�
P�1�
P 0�0�
P 0�1�

266664
377775:

It can be used to obtain a curve through a more
general set of control points fP0; P1; P2; . . . ; Png by
considering pairs of control points and using the
Ferguson method for two points as developed
above. It is necessary, however, to have the slopes
of the tangents at each control point.

3.1.2. Development of the Catmull±Rom spline
Given n� 1 control points fP0; P1; P2; . . . ; Png,

we wish to ®nd a curve that interpolates these
control points (i.e. passes through them all), and
that is local in nature (i.e. if one of the control
points is moved, it only a�ects the curve locally).
We de®ne the curve on each segment PiPi�l by
using the two control points and specifying the
tangent to the curve at each control point to be
�Pi�1 ÿ Piÿ1�=2 and �Pi�2 ÿ Pi�=2, respectively.

Substituting these tangents into FeusonÕs
method, we can obtain the matrix equation

P �t� � 1 t t2 t3
� � 1 0 0 0

0 0 1 0

ÿ3 3 ÿ 2 ÿ 1

2 ÿ 2 1 1

266664
377775

�

Pi

Pi�1

Pi�1 ÿ Piÿ1

2
Pi�2 ÿ Pi

2

266666664

377777775:

Multiplying the two inner matrices, we can further
obtain

P�t� � l t t2 t3
� �

M

Piÿ1

Pi

Pi�1

Pi�2

2664
3775;

where

M � 1

2

0 2 0 0
ÿ1 0 1 0
2 ÿ 5 4 ÿ 1
ÿ1 3 ÿ 3 1

2664
3775:

This matrix representation actually de®nes a cubic
curve, which represents the portion of the total
curve between the two successive control points. It
can be applied to all segments of the curve except
for the ®rst and the last segments where P 00 and P 0n
must be de®ned by other method.

3.2. Why Catmull±Rom splines?

According to the structure of the Catmull±Rom
splines described above, we can obtain the fol-
lowing attractive properties, which are useful for
shape representation and analysis. They are:

(i) The splines passing through the control
points. In our case, the boundary edges of lane
can be regarded as the spline modelÕs control
points.
(ii) Feasibility of forming arbitrary shapes com-
pared with the second or the third polynomials.
(iii) Smoothness and continuity, which allows
any curve to be constituted by a concatenation
of curve segments yet be treated as a single unit.
(iv) Decoupling of the x and y coordinates,
which makes each coordinate have its own
parametric representation.
(v) Local controllability, which implies that local
changes in shape are con®ned to the Catmull±
Rom spline parameters local to that change.

3.3. Using Catmull±Rom spline to describe lane
markings or boundaries

In the general situation (straight, turn left and
turn right lane), we found that using two sets of
three control points (lane left �PL0; PL1; PL2� and
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lane right �PR0; PR1; PR2�) is e�cient to form two
Catmull±Rom splines to approach the left- and the
right-hand sides of lane boundaries (or markings).
The two-spline-joint-point is called vanishing
point, which is located at the horizon of the image.
Although the Catmull±Rom spline interpolates all
but the ®rst and the last control points, it can be
cheated by setting the ®rst two control points
equal and the last two control points equal. The
Catmull±Rom spline implemented to real lane
image is shown in Fig. 2.

Using spline to describe the lane model has a
particular advantage, such as it only needs to in-
crease the number of the control points when
employed to model the complicated lane shapes,
i.e. S shape and the road intersection Y shape.
While, for the other lane models, i.e. straight and
parabolic models, they can only describe the sim-
ple lane structures and thus are not ¯exible.

3.4. Control point search area

Fig. 3 shows the road shapes in both the image
plane and the ground plane. After estimating the
left-hand side of lane model by �PL0; PL1; PL2�, it is
possible to reduce the searching area of the cor-
responding control point PR1 in the right-hand side
of lane model by using parallel-line property in the
ground plane.

The derivation of the slope of line PL1PR1 in the
image plane is more complicated, it has the form

kl1;r1 � �rl1 ÿ hz��rl1kl1 ÿ rl1 � hz�
c2

l1kl1 � kl1�k2 � hz2� ÿ cl1�rl1 ÿ hz� ; �1�

where �rl1; cl1� is the coordinate of point PL1 in the
image plane, kl1 the slope of the tangent of point
PL1; k the focal length and hz is the horizon in the
image plane. Eq. (1) describes the possible location
of point PR1 in the image plane.

Gray areas in Fig. 4 shows the possible location
of point PR1 in terms of both the position of point
PL1 and its tangent slope.

4. Maximum likelihood approach to lane detection

4.1. Vanishing point (line) detection

As mentioned above, two-spline-joint-point is
located on the horizon of the image. Vanishing
points are de®ned as the points at which the pro-
jections of parallel lines intersect. Vanishing points
are located on the vanishing line.

If we assume the vanishing line is horizontal in
image plane (it is reasonable in our case), the
vertical coordinate of vanishing line can be ap-
proximated by the vertical coordinates of the
vanishing points. Many approaches have been
developed for detecting vanishing points. But, the
methods based on Gaussian sphere (Magee and
Aggarwal, 1984), hierarchical Hough transform
(Quan and Mohr, 1989), statistical estimation (Toi

Fig. 2. Estimation of lane markings by Catmull±Rom splines: (a) Original lane image. (b) The lane markings are represented by

Catmull±Rom splines, where �PL0; PL1; PL2� and �PR0; PR1; PR2� are two sets of the control points, respectively, for the left- and the right-

hand sides of lane markings. Notice PL0 and PR0 are the same control points, which are regarded as the vanishing point.
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et al., 1993), and line clustering (Mclean and
Kotturi, 1995) are not always better than the
method based on the direct Hough transform im-
plementation. In this paper, we developed a
method of detecting the vanishing point based on
Hough transform by line-length voting.

The detection of straight line features is a pre-
requisite for all methods on vanishing point de-
tection. Lines are formed by ®rst grouping the
connected regions of pixels which share similar
gradient orientations, and then computing the line

equations which ®t the connected regions just
grouped. See Fig. 5 for example. This method is
similar to the one described in (Burns et al., 1986),
but with the exception that the line equations are
obtained by the gradient magnitude of each
grouped pixel.

The gradient magnitude and orientation at each
pixel �i; j� are computed by using the following
two 2� 2 gradient masks: Mask

ÿ1 ÿ 1
1 1

� �
is used to estimate GV�i; j�, while mask

ÿ1 1
ÿ1 1

� �

Fig. 5. Line support region of Fig. 2(a).

Fig. 3. The lane models, respectively, in the ground plane and the image plane.

Fig. 4. Possible locations of point PR1. Here hz is the horizon of

the image plane, and L is the tangent at point PL1.
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is used to estimate GH�i; j�. Here GV�i; j� and
GH�i; j� are respectively the vertical and the hori-
zontal components of the gradient obtained from
the masks applied at pixel �i; j�.

The way, the gradient orientation at pixel �i; j�
can be computed by

/ � tanÿ1GV�i; j�=GH�i; j�:
In order to estimate the line support region

(LSR), the gradient-orientation image was seg-
mented by using overlapping partitions and the
percentage of the total number of pixels voting for
it (Burns et al., 1986). The regions selected are
those that have a majority, i.e., the support is
greater than 50%. It is shown in Fig. 5.

The covariance matrix for each LSR is calcu-
lated by

C � E �x
h
ÿ x��xÿ x�T

i
;

where x is the feature vector

x � xi

yi

� �
and x is the mean

x � 1

N

P
xiP
yi

� �
:

The covariance matrix of the LSR describes the
spatial distribution of the data in the image plane.
The ratio of eigenvalues �k1=k2� can be used to
determine the overall elongation of the LSR and is
thus a good indicator of its overall suitability for
forming the basis of a line equation. A line equa-
tion can be represented by a point and a slope. The
slope of the line can be speci®ed by the eigenvector
associated with the larger magnitude eigenvalue.
And, a point on the line can be chosen as the
centroid of mass of the LSR. Thus, a line equation
can be formed by the point and the slope deter-
mined above. Fig. 6 shows the straight lines
detected from Fig. 5.

Each detected line was voted by its length in the
Hough space. The Hough space size can be de®ned
by an approximate range of the vanishing line
possibly appearing in image plane. Of course,
small Hough space size would reduce searching

time and saving memory. The vanishing line
detected from Fig. 2(a) is shown in Fig. 7(c).

Applying this vanishing-line detection method
to other images, we can get the results shown in
Fig. 8.

4.2. Edge detection

Canny edge detector is employed here to locate
the position of pixels where signi®cant edges exist.
After applying the Canny edge detector to a lane
image, two images that respectively denote the
edge pixels and the gradient orientations can be
obtained. Fig. 9 shows these two images, which are
calculated from Fig. 2(a). In this paper, we have
chosen r � 1 and a 9� 1 mask for Gaussian
convolution in both X and Y directions, and the
high and the low gradient thresholds for edge de-
tector are respectively set to 90% and 40% of the
maximum.

4.3. Likelihood

The likelihood speci®es the probability of seeing
the real lanes in the input road image, when given
a lane model at a speci®c position, orientation and
scale. It is measurement of the similarity between
the lane model and the actual lane present in the
image. The likelihood we propose here only uses
the edge information in the input image.

4.3.1. Computing potential edge ®eld image
The lane model can be positioned to the actual

lane in the input image by using a directional edge

Fig. 6. The straight lines detected from Fig. 5.
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Fig. 7. The demonstration of vanishing point detection.

Fig. 8. Vanishing-point detection on other two images.
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potential ®eld. The positions and directions of the
edges in the input image determine this ®eld. For a
pixel �c; r� in the input image, its edge potential
can be de®ned as

P �c; r� � exp

�
ÿ dc2 � dr2

2r2

�
; �2�

where �dc; dr� is the displacement to the nearest
edge point in the image, and r controls the
smoothness of the potential ®eld. Also, the po-
tential orientation can be generated at the same
time. It is simply equal to the nearest edge pointÕs
orientation, if it is in the edge pointÕs potential
®eld. In this paper, we use r � 3 to calculate the
potential edge and orientation ®elds. Fig. 10 shows
the potential edge and orientation images.

4.3.2. Calculating likelihood
We modify the edge potential by adding to it a

directional component. This new edge potential
induces an energy function that relates a lane
model to the real edges in the lane image.

The likelihood function is thus de®ned by

L � 1

nT

X
�P �c; r� � jcos�b�c; r��j�; �3�

where nT is the number of pixels on the lane model,
and b�c; r� is the angle between the tangent of the
nearest edge and the tangential direction of the
lane model at �c; r�.

This de®nition requires that the lane model
agrees with the image edges not only in position, but
also in the tangential direction. This requirement

Fig. 9. Canny edge detector results on Fig. 2(a).

Fig. 10. Potential edge and orientation ®elds, where r � 3.
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is particularly useful in the presence of noisy edges.
The higher this likelihood, the better the lane model
matches the edges in the input image.

4.4. Searching control points in edge image for lane
model

In our method, we need two sets of three con-
trol points �PL0; PL1; PL2� and �PR0; PR1; PR1� to build
the lane model by Catmull±Rom splines. We as-
sume the ground is ¯at and the horizon is at
row� hz, which can be determined by our van-
ishing-line detection method described above. In
order to reduce search area, we de®ne PL0 and PR0

as the same points at hz, namely the vanishing
point. As shown in Fig. 11, the vanishing line is a
line passing through the vanishing point.

Beginning from row hz, we search downwards
to obtain a edge point, PL1. The left-hand side of
lane model can be constructed by using the posi-
tion and orientation of point PL1. We can also get
the end point PL2, which is the intersection of the
lane model with the bottom line of image. The
tangent at PL1 intersects with the row hz at ML1.
Then we calculate the likelihood LL for left lane
model. If LL is bigger than a threshold, then update
the record; otherwise, restart the searching for PL1.

Next, we can search for the edge point PR1. The
search area is determined by Eq. (3). The tangent
at the point PR1 intersects with the row hz at MR1.
The horizontal distance between ML1 and MR1

should be less than a threshold Md1. Then the

likelihood LR for the right lane model can be cal-
culated. If LR is bigger than a threshold, then up-
date the record; otherwise restart the searching
for PR1.

Thus, PL1 and PR1, which have a maximum
likelihood, are able to construct both the sides of
lane model.

4.5. Speeding up the control point searching by
multi-resolution strategy

We have employed a multi-resolution strategy
to achieve an accurate solution rapidly. At the
coarse stage, a M � N input image is reduced to a
�1=2�M � �1=2�N image by Laplacian pyramid
(Burt and Adelson, 1983). In this low resolution of
original image, we can roughly and e�ciently
locate the global optima without regarding the
accuracy. While, in the ®nal stage, the ®ne-level
matching is initialized by the best candidate
screened from the coarse stage. Also, a smaller
search area and a ®ner step size are used to obtain
the better matching in the original image. This
coarse-to-®ne matching o�ers us an acceptable
solution at an a�ordable computational cost, and
thus speeds up the process of lane detection.
Fig. 12 shows the multi-resolution approach.

5. Results

The proposed algorithm has successfully ap-
plied to real-time application. The results have
shown an achievement of a rated execution speed
of 4±5 frames/s. The system consists of a Pentium
II 300 MHz computer with 32 MB of RAM and
a frame grabber card. The programming is done
in Visual C++ programming software. Fig. 13
shows some of our experimental results on lane
boundary detection, where the detected lane
boundaries are superimposed onto the original
images with the halved intensities. These images
contain both the paved and the unpaved roads
(or lanes) which are either marked or unmarked.
The proposed method is robust to noise, shad-
ows, illumination variations, and di�erent road
conditions.

Fig. 11. Search area for the point PR1 when the point PL1

known.
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Fig. 12. Multi-resolution algorithm for determining the control points.
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Fig. 13. Some results of lane detection.

688 Y. Wang et al. / Pattern Recognition Letters 21 (2000) 677±689



A fail case is shown in Fig. 14. Since there are
no well-painted lanes and clear boundaries in this
road image, thus not enough edge information can
be used to accurately build a lane model.

6. Conclusion

We have addressed the problem of lane detec-
tion in this paper. A new Catmull±Rom spline
based lane model, which describes the perspective
e�ect of parallel lines, has been constructed for
generic lane boundaries (or markings). The pro-
posed algorithm is able to describe a wider range
of lane structures compared with the other lane
models, i.e. straight and parabolic models. In our
algorithm, the lane detection problem has been
solved by determining the sets of control points of
lane model. Also, a maximum likelihood method
has been used to measure the matching degree
between the lane model and the real road edges.
The experimental results obtained by our algo-
rithm are good and accurate, even under the
shadowy and noisy conditions.
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